Introduction
In 1985 B okstedt 2] introduced the topological Hochschild homology functor THH which is related to Waldhausen's algebraic K-theory of certain A 1 rings 25] in a way similar to the relationship of Hochschild homology of rings to Quillen K-theory: there is a generalization of the trace map. If R is a genuine ring, the trace map factors K (R) w K s (R) w A A A A C HH (R) THH (R) h h h h j through B okstedt's map . K s (R) is Waldhausen's stable K-theory of R 26] . It was a surprise when Pirashivili brought MacLane homology H ML into the picture, a homology theory for rings developed 30 years earlier by Mac Lane 15] . He observed 19] that factors as H ML (R) A A A A C K s (R) h h h h j w HH (R) and in all calculated examples turned out to be an isomorphism. This motivated him to conjecture that MacLane homology is stable K-theory. Waldhausen changed this conjecture to \MacLane homology is topological Hochschild homology" based on the \brave new algebra" argument we will explain in Section 3 below. The two conjectures were related at the time by the long standing conjecture that is an isomorphism. (1.1) Theorem: For rings R there is a natural isomorphism THH (R) = H ML (R)
In fact, they proved a more general result allowing coe cients in a functor from the category P(R) of nitely generated projective R-modules to the category of all R-modules.
The result is established indirectly by showing that THH (R) satis es a set of axioms characterizing the homology of P(R) with coe cients in the Hom-functor and the fact, due to Jibladze and Pirashvili 14] , that the same is true for H ML (R). This situation is somewhat unsatifactory because it does not really explain the relationship of the two functors. (2.2) MacLane homology: Let C n denote the set of vertices of the n-dimensional unit cube I n = 0; 1] n . For an abelian group G let G C n ] denote the set of all maps g : C n ! G.
Think of g as the n cube with an element of G at each vertex. De ne maps U i ; L i ; S i : G C n ] ! G C n?1 ] i = 1; : : : ; n as follows: U i is the restriction to the ith upper face, L i the restriction to the ith lower face, while S i adds the ith upper face vertexwise to the ith lower face, i.e. U i (g)(" 1 ; : : : ; " n?1 ) = g(" 1 ; : : :; " i?1 ; 1; " i ; : : : ; " n?1 ) L i (g)(" 1 ; : : :; " n?1 ) = g(" 1 ; : : :; " i?1 ; 0; " i ; : : : ; " n?1 ) S i (g)(" 1 ; : : : ; " n?1 ) = g(" 1 ; : : :; " i?1 ; 1; " i ; : : : ; " n?1 ) + g(" 1 ; : : :; " i?1 ; 0; " i ; : : :; " n?1 )
The cubical construction of Eilenberg and Mac Lane 7] is the chain complex (Q 0 (G); @ 0 ) de ned by
the free abelian group generated by G C n ], and
An element g 2 G C n ] is called a slab if g = 0 2 G C 0 ] = G or an (n ? 1)-dimensional face has all vertices 0 2 G, and an i-diagonal if g(" 1 ; : : : ; " n ) = 0 for all (" 1 ; : : :; " n ) with " i 6 = " i+1 (here n 2, 1 i < n). Let DQ 0 n (G) Q 0 n (G) denote the subgroup generated by all diagonals and all slabs. De ne
with the induced boundary @. Eilenberg 
for l X;Y and similarly for r X;Y , where 2 is the dimensionwise tensor product.
Let I be the category of natural numbers considered as ordered sets n = f1;2;:::;ng, n 0, and order preserving injections. I has a monoidal structure t induced by concatena- Proof: The realization of ( k] 7 ! jD(M Q (R) k )j) is the realization of the bisimplicial abelian group
and the homotopy of the realization of a bisimplicial abelian group is the homology of the total normalized complex associated with it 17, Thm. This is not a genuine simplicial spectrum unless we use the pairing of 12] mentioned above.
Since Q (R) and Zare A 1 ring spectra coherence homotopies enter which are already in- (1) if g is degenerate, g =ĝ s k ; 0 k n ? 1, then f n (g) is a slab for k = 0; n ? 1 f n (g) is a k-diagonal for 0 < k < n ? 1.
(2) U i f n+1 is degenerate for i < n L i f n+1 is degenerate for 1 < i (3) S i f n+1 = f n i The image of f r is Q r?1 (G): by de nition of the n the image is contained in Q r?1 (G).
Conversely, if g 2 G C p?r ] has exactly r ? 1 critical indices n 1 < : : : < n r it factors through n 1 +1^: : :^ nr+1 . If it has less than r ?1 critical indices it has more than one counterimage in T r (G). Proof: If we replace the functorZF k : I n+1 ?! Top by SZF k : I n+1 ?! Top sending n = (n 0 ; : : :; n k ) 2 I k+1 to the realization of (5.2) q] 7 ! SSets (S n 0 +:::+n k^ (q) + ; M(S n 0 )2Z(R(S n 1 ))2 : : : 2Z(R(S n k ))) we obtain an I n+1 -diagram equivalent toZF k because simplicial groups are Kan complexes. Let 4 denote the category of ordered sets n] = f0;1;:::;ng and order preserving maps. The correspondence n] 7 ! I n+1 with I n+1 of (2.7) de nes a functor 4 op ! Cat into the category of small categories. Let (EZ) is composition with the Eilenberg-Zilber map, and for the same reasons as before it is a map of 4 op R I-diagrams.
The structure maps of the sixth and seventh diagram are those of Section 4 with the action of T n (R) respectively n Q (R)) on M given via the augmentations.ÊZ is induced by the Eilenberg-Zilber maps EZ : T n (R) ! NZ(R(S n )) and f by the chain maps f n of Section 4.
The isomorphism is shift suspension. Since the Eilenberg-Zilber map is a homotopy equivalence of chain complexes and f n is highly connected, all maps induce equivalences after passage to the homotopy colimits.
The eighth 4 op R I-diagram, more explicitly given by (n 0 ; : : :; n k ) 7 ! j q] 7 ! D(M Q (R) k ) q j is constant in the I k+1 -directions. Hence the colimits along the I k+1 are jD(M Q (R) k )j B(I k+1 ) where B is the classifying space functor. Since I is contractible 2] the projection onto jD(M Q (R) k )j is an equivalence. Since k] 7 ! jD(M Q (R) k )j is the simplicial space describing MacLane homology (Lemma 2.9) this completes the proof of the theorem.
